Abstract. The quantum kinetic equation describing slow atomic motion in laser light is derived by an operatorial method which provides mathematical expressions with a transparent physical structure. We prove in a general way that the coefficients appearing in this equation, which is of a Fokker-Planck type, are simply related to the mean value and to the correlation functions of the Heisenberg radiative force of the semiclassical approach, where the atomic position is treated classically. We derive in particular a new theoretical expression for the damping force responsible for radiative cooling and we interpret it in terms of linear response theory. We also obtain a new crossed r -p derivative term, which does not appear in semiclassical treatments, but which we find to be very small in most situations. Finally, all the theoretical expressions derived in this paper are valid for any J, to J, transition and are not restricted to two-level atoms.
J, to J, transition and are not restricted to two-level atoms.
Introduction
The subject of atomic motion in resonant laser light has been intensively studied recently and applications as varied as cooling of an atomic beam (Prodan et a1 1982, Balykin et a1 1984), isotope separation (Bernhardt et al 1976) or radiative atomic trapping (Ashkin 1978 , Ashkin and Gordon 1979 , Dalibard et a1 1983 have been investigated, from both theoretical or experimental points of view. Considering the various theoretical descriptions of this atomic motion, one can first make a distinction between 'short interaction time' treatments, where spontaneous emission processes can be neglected during the atom-laser interaction and 'long interaction time' treatments where, on the contrary, many spontaneous processes can occur during the interaction time. In the first case, one can write a Schrodinger equation for the atomic wavefunction (see e.g. Letokhov and Minogin 1981) , and extract from this equation all the characteristics of the motion. In the second case, where the interaction time is long compared with the lifetime of the atomic excited levels, one has in principle to take into account the coupling of the atom with all the modes of the electromagnetic field responsible for spontaneous emission processes. The random character of spontaneous emission then causes a stochastic spreading of the atomic momentum distribution. This 'longtime' situation, which occurs very frequently in experiments, and which is the one we are interested in in this paper, is therefore much more complicated than the short-time limit.
Up to now, there have been two main approaches to the description of atomic motion in laser light in the long interaction time limit. The first one is based on a classical treatment of the atom's position, assuming a very small atomic wavepacket (Cook 1979 , 1980a , Gordon and Ashkin 1980 . It is therefore possible to calculate, via optical Bloch equations, the stationary internal atomic state and then to find, by application of Ehrenfest's theorem, the equation of motion of the centroid of the atomic wavepacket. Such an approach brings out the notion of 'average radiative force'. It is also possible in this treatment to describe the spreading of the atomic momentum due to the randomness of spontaneous emission, in a way similar to the one used in noise theory: one introduces a momentum diffusion constant which is expressed in terms of the two-time autocorrelation function of the radiative force (Cook 1980a, Gordon and Ashkin 1980) .
The second approach to atomic motion in laser light for long interaction times is a fully quantum treatment of both internal and external atomic degrees of freedom, based on the use of the Wigner transform of the atomic density matrix. Under some conditions, it is possible to eliminate, from the master equation describing the atomic dynamics, all the internal atomic variables and to get a closed equation for the Wigner phase-space distribution function. This equation is of a Fokker-Planck type, containing terms which describe not only the mean force, but also the diffusion of atomic momentum. It can be applied to various types of situations, such as slow atoms in any laser light (Cook 1980b) , fast atoms in a fluctuating or weak field (Kazantsev 1978 , Javanainen and Stenholm 1980 , Cook 1980b , or fast atoms in a running or standing wave (Baklanov and Dubetskii 1976 , Minogin 1980 , 1981a , b, Letokhov and Minogin 1981 , Kazantsev et a1 1981a , b, Stenholm 1983 , 1984b , Tanguy et a1 1984 , Minogin and Rozhdestvensky 1984 .
This second approach seems probably more rigorous than the first one (i.e. semiclassical treatment) but it has an important disadvantage which lies in the complexity of the calculations which are involved. As a consequence, for most of its applications, calculations have been restricted to the case of two-level atoms. Furthermore, it is only at the end of the calculation, working on the explicit expressions of the coefficients of the Fokker-Planck equation, that one can relate this treatment to the semiclassical one.
The motivation of this paper is to try to fill the gap between these two approaches. We would like to present a new derivation of the Fokker-Planck equation leading, for the coefficients of this equation, to expressions directly given in terms of one-or two-time averages of the Heisenberg radiative force of the semiclassical approach. Such a derivation, which, in addition, is not limited to two-level atoms (it applies to any Jg to J, transition), has therefore a more transparent structure. We thus prove, in a general way, that the momentum diffusion coefficient appearing in the Fokker,Planck equation exactly coincides with the one deduced in the semiclassical theory from the autocorrelation function of the radiative force. Furthermore, we establish some interesting new results. For example, we get for the friction coefficient of the Fokker-Planck equation, which is related to the linear term in the expansion of the radiative force in powers of the atomic velocity, an explicit expression in terms of two time averages of the radiative force, and we interpret this result as a linear response of the atomic dipole to the perturbation associated with the motion of the atom in the laser wave.
The paper is organised as follows. In 8 2, we present our notations and we briefly recall the definition and the equation of evolution of the Wigner transform of the atomic density matrix. In Q 3, we first show how to expand this equation of evolution for slow atoms. We then indicate the general principle of the elimination of fast internal atomic variables in terms of the slow one (Wigner function). We then apply, in § 4, the previous results to the calculation of the atomic density matrix in the Wigner representation, and we physically interpret its expression. Finally, in § 5 , we derive the Fokker-Planck equation for the Wigner function, we establish the connection between this equation and the 'semiclassical' theory, and we discuss the new results which appear in our derivation.
Evolution of the atomic density matrix in the Wigner representation

I. Notations and assumptions
The Hamiltonian of the system 'atom+field' is the sum of four parts:
H A is the atomic Hamiltonian, HF the quantised field Hamiltonian. The laser field is supposed to be in a coherent state, so that we can treat it as a c-number field, and then split the atom-field coupling into two parts (Mollow 1975) , the first one ( V A -L ) describing the atom-laser coupling, and the second one ( VA-F) the atom-quantised-field coupling, the quantised field being taken in its ground state. The atomic Hamiltonian is the sum of the kinetic energy of the atom and of its internal energy: Qgg) where we use the general notation: Qab = Ia)(bI (2.3) la), Ib) being internal atomic states. In (2.2), the summations bear respectively on the (25, + 1) and (25,+ 1) Zeeman sublevels of the excited and ground energy levels, wo being the atomic frequency.
The quantised electromagnetic field is expanded on the complete set of plane wave modes with wavevector k, frequency w = cI kl and polarisation E . The Hamiltonian HF of the quantised field is thus:
where a k E and a:, are the destruction and creation operators of a photon in the mode k, E.
The atom-quantised-field coupling VA-F can be written in the electric-dipole approximation as:
where D is the atomic dipole operator and E ( R ) the quantised field taken for the atomic position operator R :
L3 is the quantisation volume.
The atom-laser coupling is also taken in the electric dipole approximation:
VA-L(R) = -D * a l a s e r ( R , t ) (2.7)
where aIaser( R, t ) is obtained by replacing, in the classical function alaser( r, t ) describing the laser field, r by the atomic position operator R. We assume that alaser is perfectly monochromatic and we split it into its positive and negative frequency part:
As usual, all the calculations will be done using the rotating-wave approximation, which consists in keeping only the resonant terms in the atom-laser coupling (2.7).
To this end, we introduce the raising D' and lowering D -parts of the atomic dipole and we denote the reduced matrix element of the dipole between the ground arid excited level by d. Putting
the atom-laser coupling can be written, in the rotating-wave approximation:
Evolution of the reduced atomic density matrix
The atomic system is coupled by VA-F (2.5) to all the modes of the electromagnetic field, this coupling being the cause of spontaneous emission. The first step of our calculation is then to take into account this coupling and to derive a master equation for the reduced atomic density matrix pA = Trp( p ) , describing the effect of the atomquantised-field interaction. The approximations used in this derivation are based on the smallness of the correlation time T, of the quantised electromagnetic field. It is then possible to consider only one interaction process between the atom and the field during the time T,, and also to neglect the free flight of the atom during 7,. We will not derive here explicitly the master equation for pA, since it is now a well known procedure (Cohen-Tannoudji 1977) . We just indicate the final result for the contribution (dpA/dt),,, of the 'atom-vacuum quantised field' coupling, to the evolution of the reduced atomic matrix pA:
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In this expression K is a unit vector and k is defined by: This first line of (2.12) also describes the damping of 'Zeeman coherences' in the excited level and of 'optical coherences'. The second line of (2.12) describes the 'feeding' by spontaneous emission of the ground-state Zeeman sublevels. Note the presence of exp(ik * R ) and exp( -ik R ) , so that a rate equation as simple as (2.16) cannot be obtained with this term. As we will see in 0 2.4, these terms exp(iik R ) describe the recoil of the atom in the spontaneous emission process: the population of the ground state, corresponding to a given momentum p , can be fed by spontaneous emission of atoms in the excited state with a momentum p + hk, where hk is the spontaneous photon momentum.
Transformation to the rotating reference frame
In order to eliminate all time dependences in the coefficients of the equation of evolution of the atomic density matrix, we now put The evolution of pA is given by (2.17) 
Wigner representation of the atomic density matrix
As explained in the introduction, the Wigner representation is very well adapted to the study of atomic motion in a light wave. In this representation, the density operator pA( t ) is represented by the [(23, -t 1) 4-(2J, 4-I)]* matrix w( r, p, t ) (Wigner 1932 , Takabayasi 1954 , De Groot and Suttorp 1972 :
W ( r , p , t ) =~ d3~(r+$~I~A(t)lr-t~)exp(-ip. u / h ) .
( 2.20) h 'I
We also define the Wigner function f ( r, p, t ) which is the trace of W :
We can now write the equation of evolution for W ( r , p , t ) : starting from (2.18), we obtain after a straightforward calculation a a t m ar
-fr[( s+ S -) W ( r, p , t ) + W ( r, p , t ) ( S+ e S -) ]
( 2.22) where we have introduced the Fourier transform V ( k ) of the operator QA-Lcr):
The first two terms in (2.22) come from HA, via respectively the kinetic energy and the internal energy. The second line describes the atom-laser coupling and the third and fourth lines come from the atom-vacuum coupling. Note in the fourth line the presence of W ( r, p + hk, t ) and not W ( r, p , t ) , which, as we already mentioned (0 2.2), is a signature of the recoil of the atom in spontaneous emission.
Elimination of free Jlight
The last step of this section is to eliminate, in equation (2.22) 
Remark.
One can note that the transformation ( 2 . 2 4 ) , from W to @, is the equivalent of the following unitary transformation on the density operator.
( 2 . 2 7 )
which corresponds to an interaction representation with respect to the atomic kinetic energy.
Principle of the adiabatic elimination of fast internal atomic variables
Equation (2.26), obtained at the end of the previous section, describes all the dynamics for an atom in a monochromatic light wave. Unfortunately, this equation involves a great number of coupled matrix elements (4( J, + J, + 1)2), each of these being a function of ( r, p , t ) , and its general solution is impossible to obtain, even for the simplest case of a two-level atom ( J , = J, = 0). The purpose of this section is then to show that under certain conditions concerning the atomic momentum distribution, it is possible to extract from (2.26) a closed equation for the trace f of k More precisely, we want to express the time derivative J f ( r , p , t ) / d t in terms of f ( r , p , t ) and its r and p derivatives.
Validity conditions and principle of the procedure
In all this paper, we will first limit ourselves to situations where the momentum width Ap of I@ is large compared with the photon momentum hk:
This means that a single-photon absorption or emission process changes only very slightly the atomic momentum distribution. (For sodium atoms, this corresponds to a velocity spread large compared with 3cms-'). Note that such an assumption concerning the smallness of the elementary steps of a given process is very often the starting point of a Fokker-Planck treatment of this process (see e.g. Van Kampen 1981) . Secondly, we will only consider in this paper slow atoms such as those found in laser cooling experiments. More precisely, we assume that these atoms travel over a small distance (compared with the optical wavelength A ) during the internal relaxation time r-l:
where II is a typical atomic velocity (root mean square velocity). For sodium atoms, this gives v << 6 m s-'. This assumption has important consequences concerning the form of the solution of equation (2.26). Since the displacement of the atom during the internal relaxation time is very small, the internal variables are at every time 'nearly' in their steady state, following quasi-adiabatically the external motion. In other terms, provided condition (3.2) is fulfilled, internal atomic variables appear as fast components of W, while f = T r ( G), the variations of which describe the modification of motion due to the laser light, is the only slow component of k Remarks (i) Conditions (3.1) and (3.2), which put a lower and an upper bound on the atomic velocity are compatible only i f
This condition, which is supposed to be fulfilled in the following, means that the recoil energy has to be very small compared with the natural width or, in other words, that the atom is still in resonance with the laser light after a single photon absorption or emission.
(ii) Since there are two expansion parameters, E , and E~, it is important to know their respective orders of magnitude, for a given situation, in order to expand at the correct order the initial equation (2.26). We are mostly interested here in the radiative cooling limit where one has (see e.g. Wineland and Itano 1979 A r b h / A p (3.6) condition (3.2) actually gives a lower bound for the spatial width Ar of the atomic distribution function:
Note that, because of (3.3), this lower bound is much smaller than the optical wavelength.
We can now outline the procedure which will be followed in this paper: we are looking for the time derivative af/at, which we will calculate for simplicity at time t = to ( t o can actually take any value so that this choice t = to does not introduce any restriction). In order to get this time derivative at time to, we will need the evolution of internal variables of @ on a time interval prior to to and of the order of the relaxation time r-l of these variables. We will then expand equation (2.26) on a time interval:
It-t,lsafewr- '. (3.8) This expansion gives for the variable p, using (3.1):
For the variable r, using (3.7) and (3.8), we get (3.14)
The first line of (3.13) describes the atomic free evolution and the atom-laser coupling, the second and third lines describe the relaxation due to spontaneous emission. An important quantity associated with the Bloch operator (3.1 3) is the steady-state density matrix, rs( r), satisfying: As soon as t2-t , is larger than r-I, (3.16) can be simplified since @(r,p, t2) is then proportional to the steady-state matrix us( r). The proportionality coefficient, equal to Tr( @( r, p , t2)) according to (3.156) , is also equal to Tr( W ( r, p , t l ) ) since the trace of @ remains unchanged during the time evolution (3.12), as a consequence of (3.17)
TBloch( r, * as( r, = Tr us( r) = 1.
time of internal variables?).
between two times t l and t 2 ( t 2 3 t l ) : we can write for the evolution o f f : 
Calculation of the density matrix
We are looking here for a density operator @ having the following form:
@( r,p, t ) = f ( r , p , t b s ( r ) + i ( r , P , t ) .
(3.21)
In this expression fas is the part of @ which follows adiabatically the external atomic motion, and the deviation of @ from its adiabatic part, which we hope to be small, and which we want to calculate up to order one. We first note, using (2.21) and (3.15b), that
Tr(x"( r, p , t ) ) = 0.
(3.22)
We now insert (3.21) in the equation of evolution of @ (3.19); using (3.15a) and 
f a s + i ) -T d T l ( f a s + x " ) l a s . (3.23)
The perturbative resolution of (3.23) is now straightforward; at zeroth order, one gets:
a ,
"(r,p, t ) = e x p [~B l o c h ( r ) ( t -t i > l x " ( r , P , ti) (3.25)
for any time ti prior to t. Provided the atom-laser coupling has been on for a period i ( r, p , t ) = 0 at order zero. Since the quantity inside the bracket has a zero trace, the only times which contribute to the integral verify t -t's so that one can replace the lower bound ti of the integral by -a.
Remark.
The previous calculations could be also presented in terms of projection operators (see e.g. Agarwall974, Stenholm 1984a, b). Let P( r ) and Q( r ) be the operators in Liouville space defined by their action on any vector @ of this space:
P ( r ) . @ = c , ( r ) T r ( @ )
Q( r ) = U -P( I).
(3.29)
One easily checks that P and Q project respectively on slow and fast subspaces of equation (3.19). Using this general formulation, we get for i : 
Evolution of the Wigner function
We now come to the last step of this section, i. 
Perturbative calculation of the atomic density operator
In this section, we first determine, using (2.26), the operator LE?,( r, p , t)( § 4.1). We then use this expression to calculate, using (3.21) and (3.28), the atomic density operator ( 0 4.2). Finally, we interpret physically our results ((5 4.3).
I . Rate of variation at order one
The expansion of (2.26), up to order one in (3.10) and (3.11):
and E~, can be written, using (3. 
I
We will call F ( r ) the radiative force operator at point r, since it is the quantum equivalent of a classical force, usually defined as the opposite of the potential gradient?.
Calculation of the atomic density operator
We can now insert the expression of 3, in (3.28), which gives i, and then get 6' up to order one. Since there are actually three terms in Zl, one commutator of 6' with p -F ( r ) and two anticommutators between d@/dp,d6'/dr and F, there are three corresponding contributions from i to 6'; taking (3.28) for t = to and putting r = t -t'
in the integral, we immediately get$ (4.5a)
x [t( r) u s ( r) + us( r)F( r) ) -4 ( r) u s ( r)l.
(4.56)
The three terms of (4.5b) respectively come from the three contributions of 3l to i.
We have put in (4.56):
4 ( r ) = Tr(F(r)a,( r)).
(4.6)
C # J is the average, in the stationary state, of the radiative force. It is equal to the stationary force calculated in the semiclassical approach (cf introduction).
Physical interpretation
In addition to the adiabatic term ?us, there are, via ,f, three contributions to 6' that we want now to discuss.
Consider the first term of (4.5b):
t Note that, because of the isotropy of the quantised field in the vacuum state, the relaxation terms in (2.26)
do not contribute to z,.
$ The r derivative of W actually gives rise to two terms (df/Jr)vs and f dvJdr. However the characteristic scaie of variation for vs is larger than A so that IduJdrI is of the order or smaller than kus. The contribution o f f dus!dr can then be shown to be at least of order two, and is therefore neglected in (4.56). The other term (df/dr)u, cannot be neglected since spatial distributions narrower than Acan be considered (the only restriction on the spatial spread is (3.7)). The matrix U then appears to be the atomic density operator including the first-order correction due to the atomic motion. It contains, in particular, the modification of the internal state due to the Doppler effect in a plane wave. We will then call the first line of (4.5b) the 'Doppler term'.
Consider now the second and third contributions in (4.5b):
These two terms have a structure which is different from the 'Doppler term'. They are indeed not proportional to but to its derivatives with respect to r and p. For this reason, they cannot be taken into account by simply replacing the stationary state U,, by another one, U, as we have done for the Doppler term. Actually, these terms describe a correlation between internal and external variables. More precisely, the position and momentum atomic distributions are split into several parts, each of these corresponding to a given atomic internal state. This can easily be seen on the simple example of a two-level atom moving in a strong resonant standing wave (no gradient of phase, zero detuning and Rabi frequency larger than r). We introduce the dressed levels:
where 18) and le) are the ground and excited levels. These dressed states are eigenstates of the dressed-atom Hamiltonian ('atom + laser' Hamiltonian in the 'rotating' frame) with energies respectively equal to i h w , and -;hw, (Reynaud and Cohen-Tannoudji 1982, Reynaud 1983) . In this dressed set, us and have the following expressions, at the lowest order in T / w , : (4.12) and @ can be easily calculated: which can also be written:
We then find a diagonal density matrix with equal global weights on the two dressed levels. However, we see also that there is a slight splitting between the position or momentum distributions corresponding to levels 1 and 2. For example, if the total position distribution is centred in r,, then the position distribution 'for level 1' is centred in ro-2hVw,/mr2, and 'for level 2' in ro+2hVw,lmr2. Such a splitting has a straightforward interpretation: an atom in level 1 (level 2 ) experiences a force F = -ihVwl (+$iVw,, respectively); this force acts during a random time, of the order of T = 2 / r , which is the radiative lifetime of both levels 1 and 2 (Reynaud 1983) . It follows that this force produces a momentum splitting A p -F . T-*hVw,/T and a position splitting Ar -m -' F . T 2 -i h V w , / mr2 which are precisely those found above.
Fokker-Planck equation for the atomic Wigner function
In this last section, we derive the equation of motion for the Wigner function 3 This is done first at order one (0 5.1), and then at order two ( 5 5.2) . We get in this way a Fokker-Planck equation and we show that the coefficients of this equation are related to correlation functions of the radiative force operator (0 5.3). Finally, we discuss the physical content of our results (0 5.4). This equation is the same as the one describing the evolution of a classical phase-space distribution f ( r, p, t ) for a particle with mass m, submitted to a force equal to the steady-state radiative force 4.
Variation of the Wigner function at order two: Fokker-Planck equation
In order to apply the formula (3.33), giving aflatl,,,,, we still have to evaluate the quantity:
W 9 2 ( r, P, to)?( r, P, to)a,( r ) ) .
( 5 . 5 )
For that, we expand at order two the equation of evolution for @ (2.26), keeping in mide that we only need .2Z2 for t = to and, furthermore, that we take the trace of Z2 W.
As a consequence, the atom-laser coupling is not going to contribute to (5.5), since the only non-zero part of this coupling at order two and for t = to is a sum of commutators:
which have a zero trace. The relaxation term on the contrary has a non-vanishing contribution. For t = to, we find: so that (5.5) becomes:
The coefficients E, are related to the dipole radiation diagram for an atom in the stationary state a,. More precisely, E, is proportional to the average value of ( h k i ) ( h k j ) where hk is the momentum of a fluorescence photon. For a two-level atom, E, is also proportional to the stationary population of the excited level. In the general case, we have the relation (using (2.15)):
Zi Eii is then the total population of the excited atomic level.
We are now able to derive from (3.33) the explicit expression for af/atl,,,; in this expression, there will be a first-order term, already calculated in 0 5.1, and two types of second-order terms. On the first line of (5.10), we find the first-order term and the second-order term related to Z 2 ( t O ) . On the second line, we find the three terms coming from the product Z,(tO) T l ( t ) . Using (3.33), (4.2) and ( 5 . 2 ) , one finds for the three coefficients D,, 7, and y i j :
Coeficients of the Fokker-Planck equation and correlation functions of the force operator
Before giving a physical interpretation for equation (5.10), it is useful to relate first the coefficients D,, 7, and y, to the correlation functions of the Heisenberg force F H ( r, t ) introduced in the semiclassical theory. More precisely, we want to establish here the two equalities: Putting A = 5 and B = 6 in (5.12), we will then be able to simplify the three expressions (5.11).
It is important to note that, in the left-hand side of equations (5.12), the various operators A, B, crS are pure atomic operators, actually internal atomic operatorst for an atom at rest in r, whereas, on the right-hand side, AH(T) and BH(0) are Heisenberg operators in the total space including the variables of the quantised field. More precisely, the evolution of AH(T), in the right-hand side of (5.12), is Hamiltonian, governed by the total Hamiltonian (2.1) where R is treated as a fixed c number r (see e.g. Gordon and Ashkin 1980) , whereas Z B l o c h describes a non-Hamiltonian evolution, including relaxation terms, for the reduced atomic variables.
Let us first transform the left-hand side of ( 5 . 1 2~) . Expanding A on a set of eigenvectors, V, , of Z B l o c h (in Liouville space), with eigenvalues A,:
( 5.13) we get Before turning to the right-hand side of (5.12a), consider now one-time averages, (AH (7)), of the Heisenberg operator AH(T) (for an arbitrary atomic state). Going back from the Heisenberg picture to the Schrodinger picture, and using the equation of motion (3.14) of the reduced atomic density matrix+, one can show that, for T > 0: (5.15)
I
In order to calculate the two-time average of the right-hand side of (5.12a), we can then use the quantum regression theorem (Lax 1968 , Louise11 1973 , which applies when the correlation time of the reservoir (in our case, the correlation time of vacuum fluctuations) is very short compared with the relaxation time (in our case, the radiative lifetime r-'). Such a theorem states that, for T > 0, the 7 dependence of the two-time average ( BH(O)AH(T)) is given by the same equation as the T dependence of the onetime average (AH (7)). More precisely, if (AH (7)) is given by (4.15), then: (5.16) Using BH(0) = B, and comparing (5.14) and (5.16), one deduces the equality ( 5 . 1 2~) . We could prove (5.12b) in the same way.
Finally, we can now re-express the coefficients D,, 7, and yij in the following way: i They can be also considered as vectors in the internal atomic Liouville space, ZBBloch being an operator in this Liouville space. $We need only this reduced matrix since A is an atomic operator.
Physical discussion
The Fokker-Planck equation (5.10) describes the motion of a particle with mass m, submitted to a force (af/api terms), with momentum diffusion (a2f/api apj terms) and 'crossed effects' (a2f/api arj terms). We now discuss separately these three contributions. where U is the operator: t -to m U(r,p, t ) = ----p * F ( r ) .
(5.22)
If we look for the total average force acting on the moving atom ( M A ) at time to, (FH(r, tO)jMA, we find first the stationary force 4 ( r ) , resulting from the atom-laser coupling VA-L( r), and secondly a small correction, due to the perturbation U ( r, p , t), and that we can write, using linear response theory (Martin 1968) :
Using the expression of the damping tensor yij (5.19), one then checks immediately that (5.23) is identical to (5.20).
Dzflusion terms.
The total diffusion coefficient of equation (5.10) is aij( r ) = D,( r ) +;h2k2rE,( r).
(5.24)
As it is now well known (see e.g. Stenholm 1983), we find two contributions to the momentum diffusion coefficient. The term ifi'k-'rEij(r) is due to the fluctuations of the momentum carried away by fluorescence photons, while D,( r) corresponds to fluctuPtions in momentum exchanges between the atom and the laser (fluctuations of the number of photons absorbed in a plane running wave, fluctuations of the dipole force in a focused wave).
An important result of this paper is the expression (5.17) for the coefficient D,. Such an expression had already been used in a semiclassical treatment of the atomic motion in a light wave (Cook 1980a, Gordon and Ashkin 1980) but it has never appeared, to our knowledge, in a fully quantum treatment leading to a Fokker-Planck equation. Note that expression (5.17) is the quantum analogue of the classical diffusion coefficients found in Brownian motion theory:
( 5.25) where p is the momentum of the Brownian particle, and .F and the fluctuating force acting on it. Using:
which, for a stationary process, is the analogue of equation (5.17).
5.4.3.
Crossed ej'ects. These effects come from the crossed derivative of (5.10):
This seems to be a new term for free atoms, but one can note that a contribution of this type has already been found in the study of the motion of trapped ions (Javanainen 1981) . In our problem, the origin of this term lies in the spatial splitting of the various components of the internal atomic density operator found in § 4.3. The action of the radiative force operator on these components causes a rotation in phase space of the total Wigner function, and this rotation is described by the a2f/ap, ar, term.
Note that, although we could not eliminate this term from the beginning since it appears at order two, as damping and diffusion, its contribution seems to be very small in most interesting physical situations. For example, for a two-level system moving in a strong running wave, T~~ is found to be of the order of the recoil energy h2k2/2m. If the spatial extension off is of the order or larger than the optical wavelength A, we then get:
( 5.28) where we have used the expression of the average force qb in a strong running wave: 4 = 4hkI'.
(5.29)
Since 4 af/ap is a term of order one in E , .and E~, rle a2f/ap, ar, is in this case at least of order three and can therefore be neglected. More generally, it appears that this term contributes only in situations where, after a large number of spontaneous emissions (which is necessary to derive the Fokker-Planck equation), the spatial extension remains small compared with A. Besides this very particular case, we can omit the crossed term, so that we are left finally with the following Fokker-Planck equation:
( 5.30) where 9, given by equation (5.20), includes the stationary radiative force and the damping force, and where gij, given in (5.24), describes the diffusion due to the fluctuations of the radiative force and of the momentum carried away by spontaneous photons.
Conclusion
We have presented in this paper a full quantum treatment of atomic motion in laser light. Starting from the equation of motion of the reduced atomic density matrix, in the case of slow atoms (Doppler effect smaller than the natural width), we have eliminated the fast internal variables to the benefit of the slow external one, and we have derived a quantum kinetic equation for the Wigner function, which is of a Fokker-Planck type.
The originality of the approach presented in this paper consists in its operatorial character. Rather than calculating explicitly the coefficients of the Fokker-Planck equation, we have tried to keep mathematical expressions containing quantities with a clear physical meaning, such as the Bloch operator in r, 2fBloch( r ) , or the radiative force operator in r, F( r ) . This allowed us to compare our results with the semiclassical ones, where similar quantities are introduced 'by hand '. We have thus shown that our momentum diffusion coefficient exactly coincides with the semiclassical one. We have also derived a new operatorial expression for the damping force responsible for radiative cooling, and we have interpreted it using a semiclassical linear response theory. Finally, a third term appears in our treatment, consisting in a crossed r , p derivative. Such a term, which is very small in most situations, has not been anticipated in semiclassical approaches.
The similarity between our results and the semiclassical ones calls for a last comment. The semiclassical treatments are restricted to situations where the atomic wavepacket is very small, and the force and the diffusion coefficient are calculated at the centre of this wavepacket. In the quantum kinetic equation, we find a force and a diffusion coefficient which are functions of r and which, for each value of r, coincide with the semiclassical values associated with a very small wavepacket in r. It must be kept in mind however that the quantum kinetic equation can be applied to atomic wavepackets which are not restricted in size. This equation has therefore a wider range of applicability and allows the study of situations which could not be easily handled by semiclassical treatments.
